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Abstract 

We discuss the minimum of Willmore functional of torus in a Riemannian manifold A^, 
especially for the case that is a product manifold. We show that when N = S'^ x S^, the 
minimum of W{T'^) is 0, and when N = E? x 5^, there exists no torus having least Will- 
more functional. When = H'^{—c)xS^, and x = 7x6'"'^, the minimum of is2^^'^^/c. 
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1 Introduction 

There are many interesting and important results and conjectures on the global properties 
of surfaces in a Riemannian manifold. The classical Willmore conjecture is one of famous 
open problems in this direction, concerning the minimum of Willmore functional of a torus 
in S^. Willmore functional is known as an important conformal invariant in the conformal 
geometry of submanifolds and there have been many works on the global geometry of 
Willmore surfaces in space forms, see [11], |13j . [22], etc. There have been many classical 
results as to the Willmore conjecture, i.e., the minimum of Willmore functional of a torus 
in 5" and its relation with the conformal structure of the torus, see [11], [13], etc. 

Till now there are few results on the global properties of Willmore surfaces in generic 
Riemannian manifolds. And the influence of the conformal structure of S"" or the Rie- 
mannian manifold on the infimum is also not clear. As to this problem, some relevant 
works can be found in [3], [5], [TO], [16] . We also note that there are several works on the 
Willmore functionals via PDE, see I15j. 

In [3], similar to Pinkall's idea [19] . Barros considered the behavior of Willmore func- 
tional of torus in with different conformal metrics. By use of Hopf map, he considered 
a kind of metrics gt on which are not conformal to each other. Note that when t = 1, gi 
is just the standard metric on S^, and when t 7^ 1, {S^,gt) is known as the Berger sphere. 
He showed that under such metrics, the minimum of Willmore functional of tori derived 
by closed curves via the Hopf map is lir'^t'^. So different from the Willmore conjecture. 
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when t < 1, the minimum is less than 27r^. His result gives an interesting description 
on the behavior of Willmore functional of torus in 5*^ with different conformal metrics. 
There are few further research. Here we will discuss furthermore the behavior of Willmore 
functional of a torus in a Riemannian manifold. 

As to this problem, we find that there are two different cases. In the first case, there 
exist tori attaining the minimum of Willmore functional in the Riemannian manifold, for 
example, the Riemanniani space forms, and some kind of product manifolds as below. 
In the second case, there exist Riemannian manifolds without tori in them with least 
Willmore functional. 

To be concrete, on the one hand, we show that, for an immersed torus in S'^ x S^, 
W{T'^) > and W{T'^) = if and only if it is congruent to the Clifford torus x{u,v) = 
(cos n, sinu, 0, cos w, sinv) C S'^ x S^. Furthermore, for a product Riemannian manifold 
M X S^, ii M has closed geodesies, there exist tori with W{T'^) = 0. For example, when 
M = T" or X T™, etc, there are totally geodesic (and hence totally umbilic) in 
M X with W{T^) = 0. On the other hand, we prove that all tori in x satisfy 
W{T'^) > 0. And there exist a kind of tori xt, limj__s.oo W{xt) = 0, showing that there 
exists no torus with least Willmore functional in x S^. We also show that if we change 
the metric on R^, we can get a metric such that R^ x has totally geodesic torus. 

For the case M = H'^{—c), we show that for torus x = j x C H^{—c) x S^, 
W{x) > 27r\/c, where 7 is an immersed closed curve of H'^{—c). And W{x) = 27r-y/c if and 
only if 7 is congruent with a geodesic circle of radius '^"^ ^ ^ . In this case the torus is a 

Willmore torus in H'^{—c) x S^. 

This paper is organized as follows. In Section 2, we review the general theory of 
submanifolds in a Riemannian manifold and the notion of Willmore functional. Then 
we discuss an estimate of Willmore functional of Willlmore surfaces in a Riemannian 
manifold in Section 3. In Section 4, we consider the minimum of Willmore functional of 
tori in M X 5^, mainly for the case M = 5^, i?^ and H'^{—c). 

2 Variational equation for Willmore submanifolds and a 
first application 

In this section, using moving frames, we review the structure equations of submanifolds in 
a Riemannian manifold first. Then we give the description of Willmore functional and the 
variational equation of Willmore functional. For more details, we refer to [9], [10]. Then 
as a special case, we see that totally umbilic submanifolds give the simplest examples of 
Willlmore submanifolds. 

Let X : M — )• be an immersed submanifold into a Riemannian manifold (A^, g) with 
dimM = m, diraN = n. Let {6a} be a local orthonormal frame of A^ such that 

x*6a = 0, m + 1 < a < n. 

We assume the region of the index as below: 

1 < J, ^5 • ■ ■ 1 < "T-; m + 1 < a, [3,^, ■ ■ ■ , < n, 1 < A, B,C, - ■ ■ ,< n. 
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For simplicity we still denote x*9a. = Oa and etc. So we have the first fundamental form 
I of X as 

i 

Suppose that the structure equations and integrability equations of N are as follows: 

d9A = Y^ Oab a Ob, Oab + Oba = 0, 

^ . , (1) 

Mab = 2^ Oac a 0CB ~ 2^ RabcdOc A 6d, Rabcd + Rabdc = 0. 

C CD 

Here 9ab and Rabcd denote respectively the connection and Riemannian curvature. Re- 
stricting to M, we have 

dOi = 9ij A 9j, 9ij + 9ji = 0, (2) 
j 

and 

Y,Oia^0i = O. (3) 

i 

So {Oij} is the connection of x. And together with Cartan lamma, we have 

0ia = Ylh?j(^v h% = h%. (4) 

3 

Let {ei, 62, ■ ■ ■ , e„} be the dual orthonormal basis of {9a} in N, i.e. 9A{eB) = ^ab- Then 
we can write down the second fundamental form II and the mean curvature vector H of 



X as 



m 

Oi ij Oi i 



Recall that a point p G M is called an umbilic point, if II{p) = H{p)I(p). M is called a 
totally umbilic submanifold if the second fundamental form 

II = HI (6) 

on M. And furthermore M is called a totally geodesic submanifold if II = 0, which is the 
simplest case of totally umbilic submanifolds. 

We define the Riemannian curvature Rijkh the normal curvature Rafjkh and the co- 
variant derivative /i^- ^ by 

d^ij " E ^ ^ ~2 E ^jkiGk A 9i, Rijki + Rijik = 0, (7) 



kl 



d9a/3 — E ^7/9 ^ ~ 2 E ^ot^kl^k A -Ra/3W + -Ra^SZfe = 0- (8) 

^ /ig. ,0, = d/ig. + ^ ht^9ki + hl9kj + h^j^f^a. (9) 
fc fe fe ^ 
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By ([H) we derive the integrability equations of x as 

Gauss equations: Rijki = Rijki + ^{hfkh% - Ki^jk), 

a 

Codazzi equations: hfj j. — hfj^j = Raikj, (10) 

Ricci equations: RafSij = Rapij + ^(Kk^kj - ^"jk^id- 
K k 

Let 

5 = = Y,{h%f (11) 

aij 

denote the norm square of II. Set 



S-m\H\' = \II-HI\'= Yl (^(hf,-h^^)' + 2{h'^)A. (12) 



1< j<j<m 

It is direct to see that p = if and only if x is totally umbilic. 



From the Gauss equations in pop . we have 

R = Y^ Rijij + m2|F|2 - S, (13) 

where R is the scalar curvature of M. So 

= S- m\H\'^ = m{m - 1)\H\'^ -R + Y^ Rijij- (14) 

ij 

We define the Willmore functional as 



W{x):= ( (|g|^- ,^ / ^. ^i^.,,,)tdM 



^ V /" y9"^dM=f— i -V [ {S -m\H\'^)'^dM. 

J Jm \m{m-l)J Jm 



(15) 



m{m-l)J Jm' 

It is well known (of [7|, [8], [TO], [22] ) that W{x) is invariant under conformal transforms 
of N . We call a submanifold x a Willmore submanifold if it is a critical point of the 
Willmore functional W{x). 

To see the variational equation, we recall the definition of Laplacian of H. Let 

Then we define the Laplacian of H as 

A^i7":= J^F"?,. (16) 

i 

Similar, for a smooth function / on M, the Laplacian is defined as 

A/ := fi,u with J] fe, := df, Y Mj ■= dfi + E f^^l^^- 

i i j k 

In [10], Hu and Li gave the variational equation for Willmore submanifolds: 
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Theorem 2.1. (Hu-Li, [TO]) Let x : M ^ N be an immersed submanifold as above. It is 
a Willmore submanifold if and only if 



=p™-2 



i,j,l3 



+ ^{2 . h^^ + (p— 2) . ^. h'^ + p^-'K^.,] - H^A{p-^-') (17) 

-p"^-2A^i7" -2^ (p"-2).i7f, /or m + l<a<n. 

i 

Corollary 2.2. (Hu-Li, [TO]) Let x : N be an immersed surface. It is Willmore if 

and only if 

(18) 

+ Y,^^kjkh% + E - Y.RijijH'^^ for m + 1 < a < n. 

i,j,k i,j,k i,j 

Corollary 2.3. Let x : M ^ N be an immersed submanifold as above. Then W{M) > 
0. It is a Willmore submanifold with W{M) = if and only if it is a totally umbilic 
submanifold of N. 

Proof. The inequality W{M) > is direct from the definition of W{M). Then we have 
that W{M) = if and only if p = if and only if x is totally umbilic. 

To show that totally umbilic submanifolds are Willmor^, now we have that p = 
when m > 2 and hf^ = /122' ^12 ~ 0, for all 3 < a < n when m = 2. So from ()17p . x is 
Willmore when m > 2. When m = 2, by use of H'^ = h^^ = /i22'^i2 ~ ^^^^ 
Willmore equation (fT8|) holds. □ 



For more detailed description of totally umbilic submanifolds, we refer to the books 
by B.Y. Chen [7l|8]. 

In [21] ■ Souamand and Toubiana classified totally unbilic surfaces in homogeneous 
3-manifolds Wf{K) x M, M3(K,r)(with K, r constants), and ^0/3. Recall from [21] that 
M^(k) is a complete, simply connected surface with constant curvature k G M. M^(k, r) 
is a fibration over WP{k) with geodesic fibers. The unit vector field ^ G T{TWI^{k,t)) 
tangent to the fibers is a Killing field and satisfies: 

VxC = T-{X x^), VX G r{TWf{K,T)). 

Here V denotes the connection on TM^(K,r) and x denotes the cross product. Note that 
^ defines the vertical direction of the Riemannian submersion WI^{k,t) — t- M^(k). 

When r = 0, M^(k, t) is just the product M'^{k) x R. When k - 4r^ = 0, one get the 
space forms. For the other cases with k{k — 4t2) ^ 0, when k > 0, M^{k,t) is a Berger 



^ One can also prove this in another way. Since totally umbilic submanifold attains the minimum of 
Willmore functional, it is a stationary submanifold with respect to Willmore functional, i.e., Willmore 
submanifold. 
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sphere; when k = 0, it is the Heisenberg space, Nil^; when k < 0, it is the universal 
covering of P5L(2,R). 

The 5*0/3 geometry is a 3-dimension Lie group with a left-invariant metric, which is 
isometric to (M^,^) with g = e^^dx^ + e~'^^dy^ + dz^. The group product is given by 

{x, y, z) -k (x, y, z) := (e"^x + x, e^y + y,z + z). 

For more details on homogeneous 3-manifolds we refer to [6], [21]. 
From Corollary 2.3, and Theorem 1, Theorem 9, Proposition 11, Theorem 16, and 
Theorem 19 in [21], we derive that 

Corollary 2.4. (121]) 

(i) For any immersed surfaces M in the 3-manifolds M^(k, r), with t{k — 4t^) 7^ 0, 
the Willmore functional W{M) > 0. 

(a) Let M be a closed surface, anrfM^(K) be the 2-dimensional space form with constant 
curvature k. Then for any immersion x : M — )• M^(k) x W{M) > 0. And W(M) = 
if and only if M = S'^ and x is totally umbilic. 

(Hi) Let M be a closed surface. For any immersion x : M — )■ 50/3, W{M) > 0. 

3 Willmore functional of tori in Riemannian manifolds 

Now let us focus on the case that M is a 2-dimensional torus. Then m = 2 and the 
Willmore functional of x : — )• A^" is just 

W{x)= [ - K + k)dM = [ Y.^\{hf,-h^,f + {h^,f)dM, (19) 

which also coincides with the definition in [3j. Here K is the Gauss curvature of M and 
K = K{TM) is the sectional curvature of as to the tangent plane TM. 
For the minimum of W{T'^) in a Riemannian manifold, first we have that 

Theorem 3.1. Let x : T"^ ^ N be an immersed torus in a n-dimensional Riemannian 
manifold N (n > 3j. 

(i) . W{T'^) > 0. And W{T'^) = if and only if x{T'^) is a totally umbilic torus in N . 

(ii) . Assume that N is of positive sectional curvature. Then N admits no totally 
umbilic closed surface with positive genus. As a special case, for any immersion x : — )• 
N, W{T^) > 0. 

(Hi) Assume that N is of non-negative sectional curvature. Then any totally umbilic 
torus X ■.T'^ ^ N (if exist) must be flat, totally geodesic in N . 

Proof, (i) is direct. 

For (ii), let be a compact Riemann surface with genus g > Suppose that 
X : —7- is an immersed totally umbilic surface. Then 

Ki = ^22, ^12 = 0) Q = 3, • • • , n. 
The Gauss equation becomes 
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Thus, K > on M^, leading to fj^p KdM > 0. This contradicts with the Gauss-Bonnet 
formula f^,^ KdM = 27r(2 - 2g) = 0. 

For (iii), > and J^j2 KdM = force K = 0. And since K >0,K = Ea(^ii)^ = 0, 
i.e., // = 0. That is, x is a flat, totally geodesic immersion. □ 

Example 3.2. Consider the special orthogonal group {SO{n), g), n > 4, with g its natural 
induced metric, which is a Riemannian manifold with non-negative sectional curvature. So 
any 2-torus with W{T'^) = in SO{n) is totally geodesic and then is a 2-torus subgroup 
of some maximal torus subgroup of SO{n). 

Example 3.3. In [3], Barros gave torus {S^,gt) with ^(r^) = 2-^"^^ > 0, which is 

also a minimal surface in with respect to the metric gt- He called them Clifford torus 
[3]. So when t — )■ 0, there exist torus in {S^,gt) with W{T'^) < 27r^. Here we want to show 
that W{T'^) > for any torus in (S'^,gt). To see this, we recall the definition of {S^,gt). 
The Hopf fibration vr : S''^ — )• S*^ is also a Riemannian submersion when and S'^ are 
equipped with the canonical metric respectively. From the basic notions of Riemannian 
submersion in [17] (see also [3]), at any point p € S^, we decompose TpS^ into vertical 
part Vp = Tp{-iT^^{p)) and horizontal part Tip = {Tp{7r^^{p)))-'- . So we have that 

TpS^ = Vp e Tip, 7T,{Vp) = 0, TT^CHp) ^ T^ip)S^. 

Now define gt as 

gtiX,Y)\p := t^giX,Y)\p, yX,YGVp, 

gt{Z, W)\p := g{Z, W)\p, y Z,W e Tip, (20) 

gt{x,z)\p :=o, y X eVp,y z G-Hp. 

Note that gi = g, and this deformation of metric keeps the horizontal part invariant, 
which just derives the Berger sphere. For more details, we refer to [3], [6], [21] . From the 
definition of gt, we can see that (S'^,(7f) has positive sectional curvature as {S^,g). Then 
as a corollary, we derive that 

Corollary 3.4. Let x : ^ {S^,gt) be an immersion with {S^,gt) defined as above. 
Then W{T^) > 0. 

Remark 3.5. It is natural for us to ask the existence problem of torus minimizing Willmore 
functional in {S^,gt). When t = 1, this reduces to the work of L. Simon in [20]. And we 
note that Kuwert etc. proved the existence problem of minimizing Willmore functional 
when the closed surface in 5" is of genus n > 1 in (4]. 

For the general cases, the existence problem will be a more complicated problem. For 
example, it is easy to show that even by doing a small change of a Riemannian manifold, 
one may obtain a metic with minimizing torus. 

Proposition 3.6. Let (N, g) he a 3-dimensional complete smooth Riemannian manifold. 
There exists a smooth, complete metric g such that there exists an immersed torus x : 
{N,g) with WiT"^) = 0. Here g = g on N\U with U C N an e-geodesic ball. 

Proof. Obviously we just need to prove this for n = 3. Suppose U C is an e-geodesic 
ball. Then let / : — >■ C/ be a diffeomorphism. Consider a subset x [0, 1] C such 
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a{t) 



that every x t is embedded in for any t G [0, 1]. Let a{t) be a smooth function 
satisfying 

1 4 

0, < i < -, - <t<l, 
5 5 

, 2 3 

1, -<t< -. 
' 5 - - 5 

Now we define on /(T^ x (0, 1)) C U the product metric gi = gj'2 x gt with gj'2 the 
canonical fiat metric on and the natural metric on (0, 1). 
We define the new metric ^ on AT as follows: 



g, on N\f{T^ X (0,1)), 

{1 - a{t))g + ait)gi, on /(T^ x (0,1)). 



(21) 



□ 



Remark 3.7. Notice that the truncation function a{t) used in our proof is smooth and 
not real analytic and that Willmore surfaces in space forms are in general real analytic 
because of the ellipticity of Willmore equation, we have the question as follows: 

Question: Let be an oriented closed surface. Docs there exist a complete real an- 
alytic Ricmannian metric g on such that there exists an embedding x : {R^,g) 
with W{M'^) = if is not diffeomorphic to S"^ ? 

For the case that = and n = 4, the answer is positive. 
Proposition 3.8. Let {R'^,gx,^) be a complete Riemannian manifold with 



9x,i 



e^(^i+^i)(da;2 + dx^) e^^'^m) (dxl + dxj) 



(l + xl + xl)^ ' (l + xl + xl)^ 
Then the torus 

-"2 , /d4 



+ ^ ; ^m^^^ o<A,/i<3-2V2. 



x -.T (R ,g\^^), x{u,v) = {r\cosu,r\smu,r^cosv,rfj,smv), 
with 



/ 1 - A ± VA2 - 6A + 1 _ I- n± - 6// + 1 
V 2A ' V 2^1 ' 

is a totally geodesic torus, i.e. Willmore torus with W{T'^) = 0. 

4 Torus in product manifolds x 

In this section, we consider the minimum of W{T'^) in some product Riemannian manifolds 

M2 X SK 

First we assume that M = S'^ (of constant positive curvature 1). 
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Proposition 4.1. The Willmore funcitional W{x) = Jj.2{H^ - K + K)dM of an im- 
mersed torus X : T"^ ^ S"^ X is non-negative. And W{x) = if and only if x(T'^) 
is a totally geodesic torus in x . So it is congruent to the Clifford torus x{u,v) = 
(cosu, sin n,0, cost;, sin i;) under isometric transforms of x S^. 

Proof. Since 5^ x is of non-negative curvature, x is a flat totally geodesic torus in 
S'^ X S^. We also have that K = 0, showing that it is a product surface. □ 

From the proof above, noticing the key point is that 5^ has closed geodesic and positive 
sectional curvature, we have 

Corollary 4.2. Let M be a compact Riemannian manifold with positive sectional curva- 
ture with at least one closed geodesic 7. Then the torus j x G M x has W{T'^) = 0. 
And any in M x with W{T'^) = must be of such form. 

Remark 4.3. When M = T'^, there are infinite non-congruent geodesies in T^, giving 
totally geodesic tori with different conformal structures. 

Now let us suppose that M = R^. Different from S'^ cases, we have 

Theorem 4.4. Let (M^ x S^^gjp x ggi) be the product of Euclidean surface and S^. 

(i) . For any 2-torus in x , ^(T^) > 0. 

(ii) . The Willmore functional of the torus xt = {t cosu,tsm.u,cosv ,sinv) in x 

2 

is W{xt) = which is tending to when t — >■ 00. 

So there exists no torus having the least Willmore functional W{T'^). 

Proof. For (i), first we see that x is a flat totally geodesic torus m. M x R^. While there 
exists no flat totally geodesic torus in R^x S^, since flat totally geodesic surface of R^ x 
must be of the form j x S^ with 7 being a line in R^, or oi R^ x p for some p G S^. 
For (ii), to calculate W{xt) of xt, let 

X :T^ ^ R^ X C R^ X R^. 

We have 

Xu = (— fsinn, fcosn, 0, 0), x„ = (0, 0, cos sin?;). 

Set 

X = cos u,tsmu, — cos v, — sin?;), n = (cos u, sinu, 0, 0). 

Then ^ ^ ^ 

hu = -^{xuu^n) = -, hi2 = -{xuv,n) = 0, /122 = {xvv,n) = 0. 

So 

W(xt) = / -r^dM = / --^tdudv = —. 

□ 

Prom the proof, it is direct to derive 
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Corollary 4.5. Let M" be an n- dimensional Riemannian manifold with positive sec- 
tional curvature. Assume that there exists a closed geodesic 7 in M". Then the Willmore 
funcitional W{x) of an immersed torus x in the product Riemannian manifold x M" 
is positive. And the Willmore functional of the tori xt = {tcosu,tsmu, 

2 

W{xt) = When t — >■ 00, W{xt) — >■ 0. So there exists no torus having the least Willmore 
functional W{T'^). 

Remark 4.6. (i). We note that the non existence of tori attaining the minimum of W{T'^) 
depends on both the manifolds and metrics. If we set a metric g on R^ such that {R^,g) 
has closed geodesies, then (i?^ x S^,g x ggi) will have a totally geodesic torus. 

(ii) . One can see that x can not be conformally compactificated into any compact 
Riemannian manifold. This may be a reason of the non-existence of minimizing torus in 

X 5^. So it is natural to conjecture that 

For a compact Riemannian manifold N, let M be a closed surface. Then there exists 
an immersion x : M N such that x minimize the Willmore functional among all 
immersions from M to N. 

(iii) . Since the compact property is a topological property, one may also be interested 
in some curvature conditions. While noticing that Willmore functional is a conformal 
invariant, it is natural to consider the Weyl curvature restriction. Since space forms and 

X are all conformal flat, it seems that the Weyl curvature is not a enough choice. 

(iv) . Notice that when t — > 00, the conformal structure of is changing too. If we fix 
the conformal structure of T^, the proof above does not work. For example, if we assume 
that is conformal to S^{1) x S^{a), with a = | some positive rational number, then to 
get the right torus t must be kq for some A; G N. Then the Willmore functional should be 

W(xt) = / -r^dM = / —rtdu / dv = air^, 
Jt-2 Jo 4t^ Jo 

which does not depend on the choice of t. So we also can conjecture that for all compact 
Riemann surfaces conformally immersed into a complete Riemannian manifold, there exists 
an immersion minimizing the Willmore functional. 

Another interesting case is that M is of constant negative sectional curvature. As to 
this case, we obtain 

Proposition 4.7. The Willmore funcitional W{x) of an immersed torus .x : — )• 
H'^{—c) X 5^ is positive, where H^{—c) is the space form with constant curvature —c < 0. 
Let 7(5) C H'^{—c) be a immersed closed curve with arc length parameter s. Consider the 
torus X = (7, cos t, sin t), we have that W{x) = ^ J^k'^ds > 2^^'^^/c. The equality holds if 

and only if 7 is congruent to a geodesic circle of radius ^ and at this case x is a 

Willmore torus in H'^{—c) x . 

Proof. The first result is the same as above. We just need to compute W{x). Suppose 
that ^ 

7^ = a, as = kl3-\- ^7, {3^ = ~ka. 

Here k is just the curvature of 7. So we can obtain that for x, h\\ = /s, h\2 = /i22 = Oj 
leading to 
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By Theorem 4.1 in [T2], for any closed curve in H'^{—c), k'^ds > 4:^^^/c and equality 

holds if and only if 7 is congruent with a geodesic circle of radius '^'"^ ^ . Similar to the 

discussion in [3j, in this case, x = (7, cos sin is a Willmore torus in c) x due 

to the principle of symmetric criticality in [18j (see also [H [2] ) . □ 
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